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Abstract. We shall consider alternating Melham’s sums for Fibonacci and Lucas numbers of the
form
Pn
kD1 . 1/k F 2mC"2kCı and
Pn
kD1 . 1/kL2mC"2kCı ; where ";ı 2 f0;1g.
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1. INTRODUCTION
The Fibonacci Fn and Lucas numbers Ln are defined by the following recursions:
for n > 0;
FnC1 D FnCFn 1 and LnC1 D LnCLn 1;
where F0 D 0, F1 D 1 and L0 D 2, L1 D 1, respectively.




˛ ˇ and Ln D ˛
nCˇn:






Ozeki [2] considered Melham’s sum and he gave an explicit expansion for it as a
polynomial in F2nC1.





where ";ı 2 f0;1g. He also evaulated the corresponding sums for the Lucas numbers.
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In this paper, we consider the alternating analogs of Melham’s sums. We derive









where ";ı 2 f0;1g.
2. ALTERNATING MELHAM’S SUMS FOR FIBONACCI NUMBERS
In this section we will start with some lemmas and then we shall derive our results
about the alternating Melham’s sum.







i i/ F2.m t/.nC1/  . 1/t F2.m t/n D

F2.m t/nCm tLm t if m is odd,
L2.m t/nCm tFm t if m is even.

































F.2m 2tC1/nCj  F.2m 2tC1/nCjC1 if t is even,






. 1/j F.2m 2tC1/nCjC2 if t is odd,
2m 2tP
jD0





i i/ The proof is similar to the ones for the Binet formulas of fFng and fLng : 
From [4], we have the following result for the Gibonacci sequence fGng, defined
by for n > 0
GnC1 DGnCGn 1;
with arbitrary initial values G0 and G1:
Lemma 2. Let a;p ¤ 0; q be arbitrary integers. Then for n > 0;
nX
iDa








nGp.nC1/CqC . 1/pCnGpnCqC . 1/aGpaCqC . 1/aCpGp.a 1/Cq
1C . 1/pCLp :
As a consequence of Lemma 2, for further use we state the following result:
















. 1/kr Lkt D . 1/r Lt CL2t C : : :C . 1/nr Lnt :
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If we take aD 1; p D 2t; q D t and n! nC1
2






The following identities are well known [1, 5]:
LcCt  Lc t D 5FcFt (2.2)
for even t , and
L2c   . 1/c 2D 5F 2c and L c D . 1/cLc (2.3)









Meanwhile, if we take a D 1;p D 2t;q D 0 and n! n 1
2














If we sustitute (2.4) and (2.5) in (2.1), then we obtain
nX
kD1















For the second case, let n be an even integer, thus
nX
kD1
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By taking aD 1; pD 2t; q D t and n! n
2
and aD 1; pD 2t; q D 0 and n! n
2
in











If we put (2.8) and (2.9) in (2.7), we get
nX
kD1























Finally by taking a D 1; p D t C 1; q D 0 in Lemma 2, the second claim is
obtained similary to the first claim. 






































































if n is odd,


































































































































































































































































By Lemma 1, we obtain the claimed result. 
For further use, we state a consequence of Lemma 2:



















For even t; from [1, 5], we have that
LcCt CLc t D LcLt (2.11)
and for any c;























































































































































































































































According to the choice of n as an odd or as an even number, we have the conclusion.
i i/ The proof is obtained similary to the proof of .i/. 
For further use, we state the following result:

















  .L3t CLt /
2CL2t :













Thus we have the conclusion. 


































































































































































































According to the chice of n as an odd or as an even number, we have the conclusion.
i i/ The proof of .i i/ is obtained similary to the proof of .i/: 
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3. ALTERNATING MELHAM’S SUM FOR LUCAS NUMBERS
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 if m is even.
According to the choice of n; the claim is obtained.
i i/ The proof is similar to the proof of i/. 
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i i/ The proof of .i i/ is similar to the proof of .i/: 















































































































































































































According to the choice of n, the claimed result is clear.
i i/ The proof is similar to the proof of i/: 
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